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Energy Systems Engineering

1

Organization of the course
The toolkit:

1 Technical aspects of energy
– Thermodynamics: 1st and 2nd law
– Heat to work conversion (T-S diagrams, ideal systems, real systems)
– Engines
– Exergy
– Electrical systems

2 Systems modeling 
– Basic systems modeling
– Heat integration and pinch analysis
– Life cycle assessment

3 Process and Energy Economics

A single energy 
conversion system 

(e.g. a turbine)

A process (e.g. a coal 
plant with carbon 

capture and 
sequestration)

An 
interconnected 
energy system

Objectives: 1. understand and analyze 
multi-scale energy processes

Objectives: 2. practice these skills by 
evaluating a technology

2
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Organization of the course
The toolkit:

1 Technical aspects of energy
– Thermodynamics: 1st and 2nd law
– Heat to work conversion (T-S diagrams, ideal systems, real systems)
– Engines
– Exergy
– Electrical systems

2 Systems modeling 
– Basic systems modeling
– Heat integration and pinch analysis
– Life cycle assessment

3 Process and Energy Economics

Objectives: 1. understand and analyze 
multi-scale energy processes

Objectives: 2. practice these skills by 
evaluating a technology

Exam on the lectures
(50% of the grade)

Test will be on April 
29th and be open 
book. 

Project: evaluation of a 
technology and its 
potential
(50% of a grade)

3

Organization of the course
Weekly organization:

Technical aspects of energy & Systems modeling will cover the first 9 
weeks.

This part of the course will be very technical and therefore will feature 
exercises and be examined with a written midterm test.

During those 9 weeks, there will be no separate exercise session. We will 
intersperse the exercise within the lecture. Each problem set will typically 
feature 3-4 exercises. We will usually do 2 exercises in class and you can 
do 1 exercise independently to check your knowledge.

During the last 4 weeks, there will be no lecture. The assistant will be 
available to answer questions and help guide you to prepare your project.
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Project
Aim: Critical evaluation of a technology (from a patent, an article, a news 
story…etc.) related to energy or sustainability. You should analyze 
(qualitatively and quantitatively) whether an idea or technology is feasible 
(technology scale) and can lead to a scalable solution (system scale) for an 
energy related issue. What are the bottlenecks? Can these bottlenecks be 
addressed, etc? 

• The project is done in groups of 2-3 (self-assembled)

• Timeline:

– April 1st: Make the groups, and present and discuss at least 1 proposal 
for a technology and a source with the assistant

– April 17th: Submit proposed outline and plan of work

– May 30th at midnight: Submit report (max 15 pages with figures but not 
references, 12 font size, no formatting tricks)

– Week after classes: oral presentation of report + questions (they will 
be scheduled individually for each group)

5

Energy Systems Engineering

1. Technical aspects of energy
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Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems

7

Literature

• Levenspiel, Octave. 1996. Understanding Engineering Thermo. 
Upper Saddle River, NJ: Prentice Hall.

• Tester, Jefferson W. 2012. Sustainable Energy: Choosing Among 
Options. Cambridge, Mass: MIT Press.
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What is energy?
First real answer came during the Joule experiment:

Mass m

Insulation

T°

Distance z

Observation: 

mgz =mCpΔT

Paddles creating 
Mech. E

Therefore, potential energy 
is entirely recovered as 
thermal energy

à Energy is conserved!

Source: Wikimedia commons

9

1st Law of thermodynamics
The observation of a quantity called energy that remains constant = 
basis for the first law.

ΔE =Q+W

Basic energy balance structure for a 
closed system:

Change in energy 
of the system

Heat added to the 
system

Work added to the 
system

Accumulation = In−Out

Closed
system

QW

Heat and work (deformable!) can be exchanged 
with the surroundings but not matter

Surroundings

10
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1st Law of thermodynamics
Let’s further separate these terms into various components:

ΔE =Q+W

Change in 
internal energy 
of the system
(changes with 
T, P, molecular 
structure, 
phase 
changes….etc.)

Change in 
potential 
energy & 
changes in 
the system’s 
location in a 
force field

ΔU +ΔEp +ΔEk =Q+Wsh −Wpv

Heat added to 
the system

Change in 
kinetic energy 
& changes in 
the systems 
velocity

Shaft work ≠ PV 
work (e.g.
rotating shaft, 
electrical work, 
etc…

P-V work, arises from 
the system being 
compressed or 
expanded

à For a positive dV, 
the system 
performs/gives work

11

1st Law of thermodynamics

Let’s further simplify this expression :

ΔU +ΔEp +ΔEk =Q+Wsh −Wpv

ΔU =Q+Wsh −Wpv

System 

Surroundings 

Q 

WPV 

WSh 

A simple a closed system:

12
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Pressure volume (PV) work
This is the general form of PV work:

WPV = PdV
V1

V2

∫
How do we solve this for a non-constant pressure?
We need P = f(T,V,n) à this is called and equation of state (EOS)

PV = nRT  or P = n
V
RT

Ideal gas law:

P + an
2

V 2

!

"
#

$

%
&=

RT
V / n− b( )

 

Van der Waals:

13

Enthalpy
Why do we use enthalpy (H) instead of internal energy (U) in most 
engineering systems?

W = PdV
0

V

∫ = PV

You have to consider not just internal energy but the volume of the system. 
To exist, a system has to push back the surroundings.

à This takes work!

H =U +PV

It is useful to define a quantity (enthalpy, H) that accounts for this work: 

14
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The 1st law with U and H
In a lot of systems, the pressure is constant, because we live under an 
atmosphere at constant pressure!

1st Law for a system surrounded by constant pressure:

In most engineering systems, this will be a very useful iteration of the 1st

Law.

For a system at constant volume:

ΔU =Q+Wsh −Wpv →ΔU +Wpv = ΔU +PΔV = ΔH =Q+Wsh

ΔU =Q+Wsh

15

Absolute values for U and H
The absolute value for internal energy (U0) is given by Einstein’s 
expression:

U0 = E0 =m0C
2  and ΔU=ΔmC2

Mass changes are so small that this is impractical so in practice the 
community uses standard states.

Often, the standard states is “elements (C, He,…) or di-elements (H2, 
O2…)  at 298.15 K and 1 atm” (IUPAC recommends 273.15 K and 105

Pa).

This is often impractical for fuel systems (Cx,Hy,Oz). For fuels, it is 
easier to consider enthalpy as 0 for fully oxidized state (CO2 and H2O)

16
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Heating Values

Lower Heating Value (LHV) Higher Heating Value (HHV)

If the fully oxidized state is considered as the reference state. Two 
potential values can be used for enthalpy:

Combustion products are 
cooled to 150°C 

Combustion products are 
cooled to 25°C 

Both are easy to measure in a bomb calorimeter.

The major difference is water condensation!

LHV ≈ HHV – ΔHvap, H2O nH2O/nfuel

17

Heating Values
Fuel HHV [MJ/kg] LHV [MJ/kg]

H2 142 120

Natural gas 55 49

Gasoline 47 43

Diesel 46 43

Ethanol 30 27

Butanol 37 34

Wood 21 20

Grasses 18 17

Source: Biomass energy data book, ORNL, 2011

18
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Impressive number: 3000-4000 
gallons/acre gasoline

Should you invest?
This was a real question that William 
Banholzer got when he was CEO of 
Dow Chemical.

Hint: Let’s use the first law to calculate the 
absolute minimum amount of biomass that 
would require and see if it is a realistic amount 
to expect from one acre…

Every few months a new
“miracle technology” appears.

Serious company: investments from 
BP, Google Ventures, Conoco 
Phillips…
Claims to produce hydrocarbons and 
biocarbon.

19

Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems

20
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Entropy
Entropy: measure of system disorder or total inventory of random 
information.

ΔSsystem ≥ 0

ΔSsystem +ΔSsurroundings ≥ 0

ΔS = 0⇒ Reversible process

This expression is true for isolated systems. For non-isolated systems, 
we have:

The second law of thermodynamics is based around entropy. It states:

21

Entropy
How is entropy measured? 

		
ΔSsystem = S2 − S1 =

dQrev
TS1

S2

∫

ΔSsystem,rev +ΔSsurroundings,rev = 0

Since the change is reversible the total entropy change is zero but the 
system’s entropy can still increase: 

22
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Reversible processes
What does a reversible process look like?

ΔS = 0
For a reversible process, there is no change in entropy and therefore the 
system is at equilibrium. This means:

• No Gradients (temperature, mass, flow…etc.) 
• No mechanical losses through heat dissipation
• …

Achieving this would require infinitesimal changes infinitely slowly
à Impossible

Equilibrium

23

State functions

If reversible processes are impossible to achieve, how is ΔS calculated? 
		
S2 − S1 =

dQrev
TS1

S2

∫

Fortunately, S (similarly to U, H or G) is a state function. This means that 
these variables:

• Characterize a system at equilibrium
• Have no “memory”

àAre independent of the path taken to reach their state

The existence of these state variable is a fundamental postulate in 
thermodynamics.

24
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State functions
To calculate the change in a state variable, we can use any path we want:

For each state change, there will be an infinite number of paths.

à To calculate a change in S (or another state variable) we can use a 
“virtual” path that is a reversible one.

State 1 State 2 

irreversible 

reversible 

irreversible 

reversible 

25

Example

1 kg of water at 20°C, stirred by 
a stirrer (4184 Je are used) in a 
perfectly insulated system.

Mechanical energy is dissipated 
as heat, which heats the water 
to 21°C

This is a highly irreversible process! 

System 

Surroundings 

Qrev=Wsh 

WSh 

System 

Surroundings 

Can we find a path that gets us to 
the same state?

System 

Surroundings 

Qrev=Wsh 

WSh 

System 

Surroundings 

26



2/18/25

14

Problem  2 
Assume we have a perfectly isolated system with 1 mole of an ideal gas at a pressure P = 3 bar in 
a 16.6 L chamber that is isolated by a diaphragm from another 16.6 L chamber that has been 
evacuated. What is the change in entropy? 

 
 
Reminder: for an ideal gas U=f(T) only and U ≠ f(p,V) 
	

System 

Surroundings 

V=8.3 L 
P=3 bar 
27°C 

V=8.3 L 
P=0 bar 

Diaphragm 

System 
V=16.6 L 

27

Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems

28
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State functions and work
Why are state functions particularly relevant to generating work?

Since they return to the same state, they can all be characterized 
by state variables!

Many processes are cyclical/steady state.

Living 
organisms

Engines Gas turbine

Etc… Heat to work!

29

Heat to work and entropy

For heat to work cyclical processes, entropy is an interesting state 
variable for characterizing the system: 

This definition links entropy to Qrev and Qrev is the greatest amount 
of heat that can be received for a given change in entropy.

Recall the definition of entropy:

dS = dQrev

T

30
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Heat to work and entropy
If we integrate, we can get the total amount of reversible heat 
exchanged:

What does an integral actually mean?

Qrev = T dS∫

S

T

T=f(S)

T dS∫

S

T

T=f(S)

T dS∫

31

Heat to work and entropy
The area represents reversible heat:

S0 S

T
Qrev

T0

dS > dQactual

T
Qactual < T dS∫

32
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Heat to work and entropy
1st law:

S0 S

T
Qrev

T0ΔU =Q+W

For a cycle:

ΔU = 0

Q = −W

U is a State variable!

This is true for any cycle. Therefore, for a reversible cycle, we have: 

Qrev = −Wrev

33

Heat to work and entropy
The area represents reversible work as well:

S0 S

T
Wrev

T0

Wactual = −Qactual < − T dS∫
34
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T-S cycles

What we know:

• A thermodynamic cycle can produce work

• The cycle can be represented  on a T-S diagram

• The area of the cycle represents the maximum/reversible 
work that can be obtained

What do you need for a real cycle to function?

35

T-S cycles

The hot and cold source are the key to an engine!

TC

TH

System

QH

QC

W =QH-QC 

36
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T-S cycles

TC

TH

System

QH

QC

W=QH-QC 

Let’s imagine a 
random path change 
in S for this system:

S0

S1

TH

S

T

TC

Qrev,H
The area below the 
forward path is positive 
and represents Qrev,H

37

T-S cycles

TC

TH

System

QH

QC

W=QH-QC 

TH

Let’s imagine a 
random path change 
in S for this system:

S0

S1

S

T

TC

Qrev,C

The area below the 
forward path is positive 
and represents Qrev,H

The area below the 
backward path is negative 
and represents Qrev,C

Wrev=Qrev,H - Qrev,C

38
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T-S cycles
For a random cycle 
delimited by TH, TC, 
S0 and S1:
Wmax = Wrev

What is the cycle 
with the maximum 
efficiency?

S0 S1S

T

TC

Wrev

TH

η =
W
QH

Efficiency:

39

Thermo Recap

		U = f (T)≠ f (P ,V )

In order to analyze this system for ideal gases, we will 
need some relations for ideal gases. Let’s derive them…

(this postulate is part of 
what defines ideal gases)

Therefore, we can define: 
	dU =CVdT 	→ΔU =CVΔT (always true for ideal gases)

Similarly, we define: 
	ΔH =CPΔT

With the definition of H: 	ΔU =CVΔT 		= ΔH − Δ(PV ) 		=CPΔT − Δ(RT)

		→CP −CV = RΔT /ΔT = R

It is useful to define k: 		k =CP /CV = R/CV +1

Starting point, for ideal gases:

Heat capacity (at constant volume CV
or at constant pressure CP)

40
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Thermo Recap

	dU =CVdT

With this definition, we can derive relations for an adiabatic process (dQ=0):

	= dW = −pdV

		
ln T2

T1

⎛

⎝⎜
⎞

⎠⎟
= − R

CV
ln V2

V1

⎛

⎝⎜
⎞

⎠⎟

Let’s separate and integrate:

		
= −(k−1)ln V2

V1

⎛

⎝⎜
⎞

⎠⎟ 		
→

T2
T1

⎛

⎝⎜
⎞

⎠⎟
=
V1
V2

⎛

⎝⎜
⎞

⎠⎟

k−1

	
= − RT

V
dV

With V=RT/P:

		
→

T2
T1

⎛

⎝⎜
⎞

⎠⎟

1+k−1

=
P2
P1

⎛

⎝⎜
⎞

⎠⎟

k−1

		
→

T2
T1

⎛

⎝⎜
⎞

⎠⎟
=

P2
P1

⎛

⎝⎜
⎞

⎠⎟

k−1
k

Combining both expression:

		

P2
P1

⎛

⎝⎜
⎞

⎠⎟

k−1
k

=
V1
V2

⎛

⎝⎜
⎞

⎠⎟

k−1

		
→

P2
P1

⎛

⎝⎜
⎞

⎠⎟
=
V1
V2

⎛

⎝⎜
⎞

⎠⎟

k These 3 expressions along with 
will be useful when 

describing adiabatic processes 
for ideal gases…

	CVdT = −pdV

		

T2
T1

⎛

⎝⎜
⎞

⎠⎟
=
T1P2
T2P1

⎛

⎝⎜
⎞

⎠⎟

k−1

41

T-S cycles
For a random cycle 
delimited by TH, TC, 
S0 and S1:

Wmax = Wrev

What is the cycle 
with the maximum 
efficiency?

S0 S1S

T

TC

Wrev

TH

η =
W
QH

Efficiency:

42
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Carnot

43

Carnot’s main points
His motivations His obsession with the British
Growing importance of machines

Key thermodynamic concepts
Heat sources/sinks at TH and TC Maximum of engine efficiency

No unnecessary entropy changes

44
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The Carnot cycle

Recall our question:

What is the cycle 
with the maximum 
efficiency?

S0 S1S

T

TC

TH

η =
W
QH

Wrev

No more T-differences!

45

Sustainable Energy Systems

1. Technical aspects of energy

46
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Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems

47

The Carnot cycle

Recall our question:

What is the cycle 
with the maximum 
efficiency?

S0 S1S

T

TC

TH

η =
W
QH

Wrev

48
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The Carnot cycle

A

S

T

TC

TH
B

CD

Qrev,H WA-B

Step A-B:

Isothermal 
expansion at TH

49

The Carnot cycle

A

S

T

TC

TH
B

CD

Qrev,H WA-B

Step B-C:

Adiabatic 
expansion from 
TH to TC

Q=0
WB-C

50
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The Carnot cycle

A

S

T

TC

TH
B

CD

Qrev,H WA-B

Step C-D:

Isothermal 
compression at 
TC

Q=0
WB-C

Qrev,C
WC-D

51

The Carnot cycle

A

S

T

TC

TH
B

CD

Qrev,H WA-B

Step DA:

Adiabatic 
compression to 
TH

Q=0
WB-C

Qrev,C
WC-D

Q=0

WD-A

Qrev,C

Wrev=Qrev,H - Qrev,C

52
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The Carnot cycle
A-B: Isothermal 
expansion at TH

B-C: Adiabatic 
expansion to 
TC

C-D: Isothermal 
compression at TC

D-A: 
Adiabatic 
compression 
to TH

53

The Carnot cycle

What is the maximum efficiency?

η =
W
QH

=
−Wtot

QAB

=
−(WAB +WBC +WCD +WDA )

QAB

η =
W
QH

A

S

T

TC

TH
B

CD

Qrev,H WA-B

Q=0
WB-C

Qrev,C WC-D

Q=0
WD-A

54
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The Carnot cycle
Step A-B: Isothermal expansion

T= cst U=f(T)≠f(P,V) for ideal gases: 
A

S

T

TC

TH
B

CD

Qrev,H WA-B

Q=0
WB-C

Qrev,C WC-D

Q=0
WD-A ΔU =Q+W = 0 →  QAB = −WAB

= pdV∫ = RTH
dV
V∫ =

RTH lnVB
VA

= RTH ln PA
PB

Step A-B

QAB = −WAB =

RTH ln
PA
PB

55

The Carnot cycle
Step B-C: Adiabatic expansion

U=f(T) and Cv=cst (for ideal gases):
A

S

T

TC

TH
B

CD

Qrev,H WA-B

Q=0
WB-C

Qrev,C WC-D

Q=0
WD-A

ΔU =Q+W =WBC =

CVΔT =CV (TC −TH )

Step A-B

QAB = −WAB =

RTH ln
PA
PB

Step B-C

WBC =

CV (TC −TH )

56
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The Carnot cycle

A

S

T

TC

TH
B

CD

Qrev,H WA-B

Q=0
WB-C

Qrev,C WC-D

Q=0
WD-A

Step A-B

QAB = −WAB =

RTH ln
PA
PB

Step B-C

WBC =

CV (TC −TH )

Step C-D: Isothermal compression

T= cst U=f(T)≠f(P,V) for ideal gases: 

ΔU =Q+W = 0 →  QCD = −WCD

= pdV∫ = RTC
dV
V∫ =

RTC lnVD
VC

= RTC ln PC
PD

Step C-D

QCD = −WCD =

RTC ln
PC
PD

57

The Carnot cycle

A

S

T

TC

TH
B

CD

Qrev,H WA-B

Q=0
WB-C

Qrev,C WC-D

Q=0
WD-A

Step A-B

QAB = −WAB =

RTH ln
PA
PB

Step B-C

WBC =

CV (TC −TH )

Step D-A: Adiabatic compression

U=f(T) and Cv=cst (for ideal gases):

Step C-D

QCD = −WCD =

RTC ln
PC
PD

ΔU =Q+W =WDA =

CVΔT =CV (TH −TC )

Step D-A

WDA =

CV (TH −TC )

58
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The Carnot cycle
Step A-B

QAB = −WAB =

RTH ln
PA
PB

Step B-C

WBC =

CV (TC −TH )

Step C-D

QCD = −WCD =

RTC ln
PC
PD

Step D-A

WDA =

CV (TH −TC )

η =
−Wtot

QH

=
−(WAB +WBC +WCD +WDA )

QAB

=
−WAB −WCD

QAB

η =
RTH ln

PA
PB
+ RTC ln

PC
PD

RTH ln
PA
PB

59

The Carnot cycle

η =
−Wtot

QH

=
RTH ln

PA
PB
+ RTC ln

PC
PD

RTH ln
PA
PB

=
TH ln

PA
PB
+TC ln

PC
PD

TH ln
PA
PB

For ideal gases we saw that 
for an adiabatic step:

Pfinal
Pinitial

!

"
#
#

$

%
&
&

k−1
k

=
Tfinal
Tinitial

!

"
#
#

$

%
&
&

In our case for both adiabatic steps (A-D and B-C), 
we have the same interval TH and TC:

		

PA
PD

⎛

⎝
⎜

⎞

⎠
⎟

k−1
k

=
TH
TC

⎛

⎝
⎜

⎞

⎠
⎟ =

PB
PC

⎛

⎝
⎜

⎞

⎠
⎟

k−1
k

	
⇒
PA
PD

=
PB
PC

⇒
PA
PB

=
PD
PC
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The Carnot cycle

η =
−Wtot

QH

=
RTH ln

PA
PB
+ RTC ln

PC
PD

RTH ln
PA
PB

=
TH ln

PA
PB
+TC ln

PB
PA

TH ln
PA
PB

η =
TH −TC
TH

This results in:
The theoretical efficiency of 
heat to work engines is not 
100% unless you can reach 
infinite temperatures or 0 K!

61

The Carnot heat pump

Such systems include:

• Refrigerators
• Heat pumps
• Air conditioners

Sometimes it is useful to use work to move heat from a
cold to a hot source
(for the reverse, you don’t need work, it happens on its
own)

TC

TH

System

QH

QC

W
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The refrigerator question

What happens if you leave for the weekend, close the
door of your perfectly insulated kitchen but inadvertently
leave the refrigerator door open? Does the temperature of
the kitchen increase or decrease?

The temperature increases!

TH

System

QH

QC

W
Fridge

Kitchen

TC
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The Carnot heat pump

TC

TH

System

QH

QC

W=QH-QC 
A

S

T

TC

TH

QC

B

CD

QH WB-A

WD-C

Q=0
WC-B

Q=0
WA-D

It’s simply a Carnot
Cycle in reverse!

Compression at high T

Expansion at low T

64



2/18/25

33

The Carnot heat pump
Step B-A

QBA = −WBA =

RTH ln
PB
PA

Step C-B

WCB =

CV (TH −TC )

Step D-C

QDC = −WDC =

RTC ln
PD
PC

Step A-D

WAD =

CV (TC −TH )

COPW =
−QH

Wtot

=
−QBA

WBA +WDC

=
−RTH ln

PB
PA

−RTH ln
PB
PA
− RTC ln

PD
PC

=
TH

TH −TC

In the winter:
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The Carnot heat pump
Step B-A

QBA = −WBA =

RTH ln
PB
PA

Step C-B

WCB =

CV (TH −TC )

Step D-C

QDC = −WDC =

RTC ln
PD
PC

Step A-D

WAD =

CV (TC −TH )

COPS =
QC

Wtot

=
QDC

WBA +WDC

=
RTC ln

PD
PC

−RTH ln
PB
PA
− RTC ln

PD
PC

=
TC

TH −TC

In the summer:
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ChE-304 Problem Set 2 
Week 2 

 
Problem 1 
 
Should I heat my house with a Carnot heat pump or an electric heater? Electric heaters 
are very efficient. ~100% of the electrical work ends up as heat in the house. 
I would like to heat my house to 24°C and the temperature outside in the winter is, on 
average -4°C. 
 
 
Solution: 
 
The efficiency is: !"#! = !!

! = !!
!!!!!

= !"#!!"
!"#!!"!(!"#!!) = 10.6 

 
For an electric heater !"#! = !!

! ≈ 1 
 
A Carnot heat pump is about 10 times more efficient! Definitely use the heat pump. 

67

Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems
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Rankine cycles 

• Steps are impractical (probably impossible to implement)

• Heat exchanges require (often significant) temperature differences

• Use of a gas compressor instead of a liquid pump at low P (more expensive 
and less efficient)

• Higher P are required for gases

The Carnot cycle achieves the highest efficiency but this cycle (or even a 
close imitation of it) is not practical for several reasons: 

Water/steam is actually quite attractive for these particular applications!

69

Rankine cycles 

S

T

Phase
envelope

GasLiquid

Supercritical

TCritical

Liquid-Gas

TC

TH Boil

Condense
1

2 3

4
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Rankine cycles 

• Pumping a liquid close to a gaseous state leads to cavitation

• Expanding a gas-to-liquid mixture leads to erosion

• Efficiency losses with formation of droplets

• Pumping a liquid is more efficient than a gas

Problem: pumping and expansion with phase changes

Pumps and turbines (e.g. devices with moving elements) 
must be run outside of the 2-phase region

You also want to pump a liquid rather than a gas. 

71

Rankine cycles 
Cavitation damage

Turbine blades Pump plate

Droplet corrosion damage

Turbine blades
Source: Wikicommons media, http://500daysoficeland.com
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Rankine cycles 

S

T

Gas
Liquid

Supercritical

Liquid-Gas

1

5

Step 1-2
Liquid pumping:
Adiabatic 
compression

2

6

Step 5-6
Gas expansion:
Adiabatic 
expansion

3 4

Step 2-3, 3-4, 4-5
Heating of a:
2-3: liquid
3-4: gas-liquid
4-5: gas

Step 6-1
Cooling of a gas/liquid
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Rankine cycles 

QH 

QC 

S 

T 

Gas 
Liquid 

Supercritical 

Liquid-Gas 

1 

5 

2 

6 

3 4 

The real cycle:

The basic principle: pressurize at 
low temperature, expand at high 
temperature à Work
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Rankine cycles 

QH 

QC 

Calculating efficiencies:

System 

QH 

QC 

W =QH-QC  

This view is still accurate: 

η =
W
QH

=
QH −QC

QH

The efficiency is still:

=
(H5 −H2 )− (H6 −H1)

(H5 −H2 )

With enthalpy:
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Rankine cycles 

QH 

QC 

Calculating efficiencies:

System 

QH 

QC 

W =QH-QC  

This view is still accurate: 

η =
W
QH

=
QH −QC

QH

The efficiency is still:

=
(H5 −H2 )− (H6 −H1)

(H5 −H2 )

With enthalpy:
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Rankine cycles 

QH 

QC 

Calculating efficiencies:

η =
W
QH

=
QH −QC

QH

=
(H5 −H2 )− (H6 −H1)

(H5 −H2 )

η ≈
H5 −H6

H5 −H1
H1 ≈ H2

Because the energy for compressing a 
liquid is small:

The enthalpy 
change during 
expansion

The enthalpy 
change during 
heating
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Rankine cycles 

S

T

Gas
Liquid

Supercritical

Liquid-Gas

1

5

2

6

3 4
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Rankine cycles 

S

T

Gas
Liquid

Supercritical

Liquid-Gas

1

5’

2 6’

3 4

For safety:

5

6
Vapor being 
cooled
Ensures that no 
liquid forms in 
the turbine

η ≈
H5' −H6'

H5' −H1

Efficiency
becomes:
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Rankine cycles 

S

T

Gas
Liquid

Supercritical

Liquid-Gas

1

5’

2 6’

3 4

5

6

η ≈
H5' −H6'

H5' −H1

Efficiency
becomes:

TC

TH

S S’

Work from a Carnot cycle

Work from a Rankine cycle
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Rankine cycles 
Approaching Carnot efficiency by reheating steam: 

81

Rankine cycles 
Approaching Carnot efficiency by reheating steam: 

Especially 
interesting when 
high-T° source is 
unavailable!
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Steam turbines

83

Problem 2 
Let’s try to calculate the Carnot efficiency of a gasoline engine by assuming that upon 
combustion all the higher heating value of the gas is used to heat the resulting product 
gases at constant volume. 
Assume gasoline is pure octane (C8H18, Mw= 114), that air is 20% O2 80% N2 and that 
the amount of air needed is stoichiometric. You can assume that product gases are ideal 
gas and that their CV is 0.8 KJ/(kg K). 
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S

T

GasLiquid

Supercritical

Liquid-Gas

TC

TH

Boil

Condense

1’

23

4’

Compressor

Compressors are 
difficult to run 
with a gas-liquid 
mixture!

The Rankine refrigeration cycle 
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S

T

GasLiquid

Supercritical

Liquid-Gas

Boil

Condense

2

1

Compressor

The Rankine refrigeration cycle 

3

4’
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S

T

GasLiquid

Supercritical

Liquid-Gas

Boil

Condense

4

Compressor

Expansion valve

With an expansion valve the process 
is by definition irreversible and leads 
to a change in entropy!

The Rankine refrigeration cycle 

2

1

3
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QH 

QC 

QH 

QC 
The Rankine refrigeration cycle 
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Compressor

Condenser

Evaporator

Expansion 
valve:

Source: W ikicommons media, http://www.xmtprp.com, http://www.fridgefilters.com/

The Rankine refrigeration cycle 
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The Rankine refrigeration cycle 

COPRefrigeration =
QC

W

=
H1 −H4

H2 −H1
S 

T 

Gas Liquid 

Supercritical 

Liquid-Gas 

Boil 

Condense 

4 

Compressor 

Expansion valve 

2 

1 

3 

COPHeat pump =
−QH

W
=
H2 −H3

H2 −H1

QH

QC

90

http://www.xmtprp.com
http://www.fridgefilters.com/
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93

Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems
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Gasoline engines: the Otto cycle

95

Gasoline engines: the Otto cycle

Fuel burns, qin

A. Adiabatic compression 
of the fuel mixture

The cycle:

B. Constant volume 
heating of the fuel during 
explosion

C. Adiabatic expansion of 
the hot gas (produces work)

D. Exhaust exits with 
residual heat at constant 
volume (removes heat)

A

B C

D
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Gasoline engines: the Otto cycle

Adiabatic reversible 
compression

A. Adiabatic compression

The cycle:

B. Constant volume 
heating

D. Constant volume cooling

A

B

C

D

Q = 0 and ΔU1→2 =Win =CV (T2 −T1)

W = 0  and  Qin =CV (T3 −T2 )

C. Adiabatic expansion

		Q =0	and	ΔU3→4=Wout=	CV (T3 −T4 )

W = 0  and  Qout =CV (T4 −T1)

	
η = W

Qin
=
Qin −Qout
Qin 		

=
CV (T3 −T2)−CV (T4 −T1)

CV (T3 −T2)

97

Gasoline engines: the Otto cycle

Fuel burns, q in

η =
CV (T3 −T2 )−CV (T4 −T1)

CV (T3 −T2 )

=
(T3 −T2 )− (T4 −T1)

(T3 −T2 )
For adiabatic changes we can write:

T2
T1
=

V1
V2

!

"
#

$

%
&

k−1

=
V4
V3

!

"
#

$

%
&

k−1

=
T3
T4

		
η =

(1−T2 /T3)−(T4 /T3 −T1 /T3)
(1−T2 /T3) 		

=
(1−T2 /T3)−(T1 /T2 −T1 /T3)

(1−T2 /T3) 		
=1− (T1 /T2 −T1 /T3)(1−T2 /T3) 		

=1−T1 /T2
(1−T2 /T3)
(1−T2 /T3)

=1−T1 /T2

𝜂 = 1 −
𝑇!
𝑇"
= 1 −

𝑉"
𝑉!

!#$

= 1 − 𝑟%!#$

Notice that V1=V4 and V2=V3. 
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Gasoline engines: the Otto cycle
𝜂 = 1 −

𝑉!
𝑉"

"#$

= 1 − 𝑟%"#$

V1

V2

V4

V3

The 
compression 
ratio:

𝑟% =
𝑉"
𝑉!
=
𝑉&
𝑉'

𝑟%≈8-9

𝜂 ≈	45%

In gasoline engines:

𝜂 ≈	20-35%
In a real engine:

99

Gasoline engines
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Diesel engines: the Diesel cycle

101

Diesel engines: the Diesel cycle

A

B

C

D

A. Adiabatic compression 
of air

The cycle:

B. Slow fuel injection creates 
a slow burn/heating of the air 
at constant pressure leading 
to an isobaric expansion 
(produces work)

C. Continued (adiabatic) 
expansion of the hot gas 
(produces work)

D. Exhaust exits with 
residual heat at constant 
volume (removes heat)
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Diesel engines: the Diesel cycle

A. Adiabatic compression 
of air

The cycle:

B. Slow fuel injection creates 
a slow burn/heating of the air 
at constant pressure leading 
to an isobaric expansion 
(produces work)

C. Continued (adiabatic) 
expansion of the hot gas 
(produces work)

D. Exhaust exits with 
residual heat at constant 
volume (removes heat)

A

B

C

D
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Diesel engines: the Diesel cycle

A

B

C

D

Key steps:

	
η = W

Qin
=
Qin −Qout
Qin

Qout

Qin

=
𝑄"#& − 𝑄'#(

𝑄"#&
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Diesel engines: the Diesel cycle
Key steps:

B. Constant pressure 
heating

D. Constant volume cooling
W = 0  and  Qout =CV (T4 −T1)

	
η = W

Qin
=
Qin −Qout
Qin

=
𝑄!#' − 𝑄&#(

𝑄!#'

𝑄!" = ∆𝑈 + 𝑃∆𝑉 =
∆𝐻 = 𝐶# 𝑇$ − 𝑇%

B

D

=
𝐶) 𝑇' − 𝑇! − 𝐶*(𝑇& − 𝑇")

𝐶) 𝑇' − 𝑇!
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Diesel engines: the Diesel cycle

	
η = W

Qin
=
Qin −Qout
Qin

=
𝐶) 𝑇& − 𝑇" − 𝐶*(𝑇' − 𝑇!)

𝐶) 𝑇& − 𝑇"

= 1 −
C+
𝐶)

𝑇' − 𝑇!
𝑇& − 𝑇"

= 1 −
1
𝑘
𝑇' − 𝑇!
𝑇& − 𝑇"

We can define:

The compression ratio:

𝑟% =
𝑉!
𝑉"

Same as for gasoline 
engines…
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Diesel engines: the Diesel cycle

V1

V2

107

Diesel engines: the Diesel cycle

	
η = W

Qin
=
Qin −Qout
Qin

=
𝐶) 𝑇& − 𝑇" − 𝐶*(𝑇' − 𝑇!)

𝐶) 𝑇& − 𝑇"

= 1 −
C+
𝐶)

𝑇' − 𝑇!
𝑇& − 𝑇"

= 1 −
1
𝑘
𝑇' − 𝑇!
𝑇& − 𝑇"

We can define:

The compression ratio:

𝑟% =
𝑉!
𝑉"

Same as for gasoline 
engines…

The expansion ratio:

𝑟, =
𝑉'
𝑉&

Defines the further expansion 
after the injection of fuel
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Diesel engines: the Diesel cycle

V3
V4

𝑟+ =
𝑉&
𝑉'

109

Diesel engines: the Diesel cycle
The compression ratio:

𝑟% =
𝑉!
𝑉"

The expansion ratio:

𝑟, =
𝑉'
𝑉&

Steps 1-2 and 3-4 are adiabatic…

=
𝑇"
𝑇!

⁄! $#!

𝑇!= 𝑇" 𝑟# $%"

→𝑇"= 𝑇!
1
𝑟#

$%"

=
𝑇&
𝑇'

⁄! $#!

𝑇&= 𝑇' 𝑟( $%"

→ 𝑇' = 𝑇&
1
𝑟(

$%"
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Diesel engines: the Diesel cycle
𝜂 = 1 −

1
𝑘
𝑇& − 𝑇"
𝑇' − 𝑇!

Let’s further define:

𝑇"= 𝑇!
1
𝑟%

$#"

𝑇& = 𝑇'
1
𝑟+

$#"

𝑇& − 𝑇'
𝑇$ − 𝑇%

=
𝑇$

1
𝑟(

)*'
− 𝑇%

1
𝑟+

)*'

𝑇$ − 𝑇%
=

𝑇$ 𝑇$ − 𝑇%
𝑇$ − 𝑇%

1
𝑟(

)*'
− 𝑇% 𝑇$ − 𝑇%𝑇$ − 𝑇%

1
𝑟+

)*'

𝑇$ − 𝑇%

=

𝑇$ − 𝑇%
1 − 𝑇%𝑇$

1
𝑟(

)*'
− 𝑇$ − 𝑇%

𝑇$
𝑇%
− 1

1
𝑟+

)*'

𝑇$ − 𝑇%
=

.(𝑇$ − 𝑇%

1
𝑟(

)*'

1 − ⁄𝑇% 𝑇$
−

1
𝑟+

)*'

⁄𝑇$ 𝑇% − 1
𝑇$ − 𝑇%

=

1
𝑟(

)*'

1 − ⁄𝑇% 𝑇$
−

1
𝑟+

)*'

⁄𝑇$ 𝑇% − 1
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Diesel engines: the Diesel cycle

𝜂 = 1 −
1
𝑘

1
𝑟,

$#!

1 − ⁄𝑇" 𝑇&
−

1
𝑟%

$#!

⁄𝑇& 𝑇" − 1

Step 2à3 is isobaric

Step 4à1 is isochoric

𝑃" = 𝑃&

𝑉' = 𝑉"

𝑇&
𝑇"
=
𝑃&𝑉&
𝑃"𝑉"

With the ideal gas law:

=
𝑉&
𝑉"

=
⁄𝑉& 𝑉'
⁄𝑉" 𝑉!

=
𝑟%
𝑟,

𝜂 = 1 −
1
𝑘

1
𝑟,

$#!

1 − ⁄𝑟, 𝑟.
−

1
𝑟%

$#!

⁄𝑟. 𝑟, − 1
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V1

V2

V1

V2

V2’

Diesel engines: the Diesel cycle

𝜂 = 1−
1
𝑘

1
𝑟+

$#"

1− ⁄𝑟+ 𝑟,
−

1
𝑟%

$#"

⁄𝑟, 𝑟+ −1

= 1−
1
𝑘

1
𝑟+

$

1/𝑟+ − ⁄1 𝑟,
−

1
𝑟%

$

1/𝑟+ − ⁄1 𝑟,

= 1−
1
𝑘

1
𝑟+

$
− 1

𝑟%

$

1/𝑟+ − ⁄1 𝑟,

For the same compression ratio, 

𝑟+ =
𝑉'
𝑉%

the Otto cycle is more 
efficient.
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V1

V2

V1

V2

V2’

Diesel engines: the Diesel cycle

𝜂 = 1−
1
𝑘

1
𝑟,

$#!

1− ⁄𝑟, 𝑟.
−

1
𝑟%

$#!

⁄𝑟. 𝑟, −1

= 1−
1
𝑘

1
𝑟,

$

1/𝑟, − ⁄1 𝑟.
−

1
𝑟%

$

1/𝑟, − ⁄1 𝑟.

= 1−
1
𝑘

1
𝑟,

$
− 1

𝑟%
$

1/𝑟, − ⁄1 𝑟.

But in practice, higher compression ratios 
can be achieved (20 vs. 8-9 for gasoline 
engines à This is because only air is 
compressed instead of a gasoline fuel 
mixture.
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Diesel engines: the Diesel cycle
The higher compression ratios, lead to theoretical 
efficiencies close to 60%.

In real engines, efficiencies can reach a little over 40%, 
making them more fuel efficient than gasoline engines.

Lack of pre-mixing causes gradients 
with uneven combustion:

Higher compression = higher 
temperature = higher NOx formation
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Gas turbines and jet engines: the 
Brayton cycle 

Advantage over the Rankine cycle: no need for a heat 
exchange network.

117

A-B. Air enters the turbine 
and is compressed 
adiabatically.

The cycle:

B-C. Compressed air is 
mixed with burning fuel: 
heating occurs at constant 
pressure and volume 
expands

C-D. Hot gas is expanded 
back to atmospheric 
pressure adiabatically and 
produces work

D-A. Exhaust exits and 
cools back down at 
constant pressure (and 
contracts in doing so).

Gas turbines and jet engines: the 
Brayton cycle 
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A-B. Air enters the turbine 
and is compressed 
adiabatically.

The cycle:

B-C. Compressed air is 
mixed with burning fuel: 
heating occurs at constant 
pressure and volume 
expands

C-D. Hot gas is expanded 
back to atmospheric 
pressure adiabatically and 
produces work

D-A. Exhaust exits and 
cools back down at 
constant pressure (and 
contracts in doing so).

Gas turbines and jet engines: the 
Brayton cycle 

𝜂 =
𝐸𝑥𝑐𝑒𝑠𝑠	𝑤𝑜𝑟𝑘

𝐻𝑒𝑎𝑡	𝑟𝑒𝑙𝑒𝑎𝑠𝑒𝑑	𝑏𝑦	𝑡ℎ𝑒	𝑓𝑢𝑒𝑙

Win

Wout

=
𝑊,- − 𝑊./

𝑄/,

119

Key steps:

B-C. Constant pressure 
heating:

D-A. Constant pressure 
cooling:

Gas turbines and jet engines: the 
Brayton cycle 

𝜂 =
𝑊./ − 𝑊01

𝑄1.

Win

Wout

By energy balance:

𝑄 = ∆𝑈 + 𝑃∆𝑉
= ∆𝐻
= 𝐶) 𝑇* − 𝑇+

𝑄 = ∆𝑈 + 𝑃∆𝑉
= ∆𝐻
= 𝐶) 𝑇, − 𝑇-

=
𝐶. 𝑇* − 𝑇+ − 𝐶. 𝑇, − 𝑇-

𝐶. 𝑇* − 𝑇+
=

𝑄+* − 𝑄-,
𝑄+*
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Gas turbines and jet engines: the 
Brayton cycle 

𝜂 =
𝑇, −𝑇/ − 𝑇-−𝑇.

𝑇, −𝑇/

Since A-B and C-B are 
adiabatic:

𝑇,
𝑇-

=
𝑃,
𝑃-

)*'
) 𝑇.

𝑇/
=

𝑃.
𝑃/

)*'
)

And 𝑃, = 𝑃. 𝑃- = 𝑃/

𝑇,
𝑇-

=
𝑃,
𝑃-

)*'
)
=

𝑃.
𝑃/

)*'
)
=

𝑇.
𝑇/

𝜂 = 1−
𝑇-−𝑇.
𝑇, −𝑇/

= 1−
𝑇-
𝑇,

𝑇/
𝑇-
− 1

𝑇.
𝑇,
− 1

= 1 −
𝑇-
𝑇,

𝑇.
𝑇,
− 1

𝑇.
𝑇,
− 1

= 1 −
𝑇-
𝑇,

= 1−
𝑃-
𝑃,

)*'
)
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Gas turbines and jet engines: the 
Brayton cycle 

𝜂 = 1−
𝑃0
𝑃1

$#!
$ This means that the higher the 

compression, the higher the efficiency.

Higher compression ratios also leads to higher post combustion temperatures, 
which is limited by materials (material limits are between 1200-1500°C). 

Practical limits of a gas turbine lead to pressure ratios around 20 and 
theoretical efficiencies around 55-60%.

The compressor employs a significant amount of work (about 80% of the 
output work* is employed by the compressor). And compressors are never 
more than 80% efficient.

Real world efficiencies can now reach about 40-45%.

*which is not the net work, but the work done by the output turbine…
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A gas turbine

https://www.youtube.com/watch?v=jrWHi77oAWI
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Brayton cycles applied to jet 
engines 

For a jet engine: same general idea but a different geometry that is built to accelerate 
the exiting gas.

124
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Aircraft evolution

Boeing 747-100 (1966)

Boeing 777X (2019)
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Brayton cycles applied to jet 
engines 

Ultimately, for a jet engine we care about propulsive power and the amount produced 
with respect to the thermal energy of the fluid.

𝜂/0(1233 =
𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟

𝑄̇45

It is useful to break this efficiency down into two parts: 

𝜂/0(1233 = 𝜂67(1823𝜂.1/.93:40(

Represents the ratio of kinetic energy created over the thermal 
energy given by the fuel.

𝜂67(1823

𝜂67(1823 =
⁄𝑚241,/96𝑣/96! −𝑚241,45𝑣45! 2

𝑄45
= 1−

𝑇-
𝑇+

Because all of the pV
work is used to 
accelerate the gas. 

𝑚̇241,45 = 𝑚̇241,/96 = 𝑚̇241
If we neglect the mass 
of fuel added to the air:
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Brayton cycles applied to jet 
engines 

Ultimately, for a jet engine we care about propulsive power and the amount produced 
with respect to the thermal energy of the fluid.

𝜂01(2344 =
𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟

̇𝑄!"

It is useful to break this efficiency down into two parts: 

𝜂01(2344 = 𝜂56(2734𝜂820894:!1(

The ratio of propulsive power produced, divided by the rate of 
production of the kinetic energy transferred to the gas.

𝜂820894:!1(

𝜂820894:!1( =
𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟

𝑟𝑎𝑡𝑒 𝑜𝑓 𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦
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Brayton cycles applied to jet 
engines 

𝜂.1/.93:40( =
𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟

𝑟𝑎𝑡𝑒 𝑜𝑓 𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦

Again, neglecting the mass of fuel, we can just use the mass of air:

𝜂.1/.93:40( =
𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟
𝑚̇241 ⁄𝑣/96! −𝑣45! 2

𝑝𝑟𝑜𝑝𝑢𝑙𝑠𝑖𝑣𝑒 𝑝𝑜𝑤𝑒𝑟 = 𝑣<34=76	×	𝑇ℎ𝑟𝑢𝑠𝑡

= 𝑣45 𝑚̇241 𝑣/96 − 𝑣45

Flight speed, which is equivalent to the speed incoming air 𝑣45

𝜂.1/.93:40( =
𝑣45 𝑚̇241 𝑣/96 − 𝑣45
𝑚̇241 ⁄𝑣/96! −𝑣45! 2 =

2 𝑣45 𝑣/96 − 𝑣45
(𝑣/96+𝑣45)(𝑣/96 − 𝑣45)

=
2 𝑣45

𝑣/96 + 𝑣45
=

2

1 + 𝑣/96𝑣45
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Brayton cycles applied to jet 
engines 

𝜂820894:!1( =
2

1 + 𝑣095𝑣!"

The propulsive efficiency only depends on speed 
and is the highest when the increase in speed is 
small.

But the airplane must maintain a high degree of thrust to:
• Counter air resistance (which is ignored in ideal calculations) 
• Maintain the ability to accelerate

𝑡ℎ𝑟𝑢𝑠𝑡 = 𝑚̇3!2 𝑣095 − 𝑣!" Thrust decreases when air speed difference 
decreases.

The opposite of efficiency!

However, thrust increases with 𝑚̇3!2 à The solution was to increase airflow 
while keeping speed differences small 
using so-called high bypass engines

while efficiency is unaffected.

129

Modern engines are high bypass 
engines

Source: USAF academy
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Modern engines are high bypass 
engines

Gas turbine technology

Trent
RB211-524G/H

RB211-535E4
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RB211-524G2
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Figure 6. Development of turbine entry temperature (TET) with time.

(DB-SPF) technique (figure 5). Production of
these components is an exacting and onerous task,
one that Rolls-Royce has met by constructing a
purpose-built facility for the job, a facility that
maintains a cleanliness regime beyond that of the
electronics/microchip industry.

Cleanliness during production is key because
of the ‘stress raising’ effects that impurities and
foreign particulates would have within the internal
structure of the blade. Such point defects could
initiate a fatigue crack that may propagate to
failure under service conditions. When we
consider the kinetic energy of a fan blade released
at maximum revolution (remember the scenario
of a small car launched very high. . . ) it can be
seen that the expense of such a clean facility is
a necessary one. On this front, however, we can
be reassured that extensive testing and modelling
has been completed to demonstrate that, if such
an event were to occur, the engine shrouds and
casings would not be compromised and no high
energy debris would exit the engine. Indeed the
aviation authorities demand that a complete engine
‘blade off’ test is completed for all new engine
projects—necessary, but a multi-million pound
engine is fit for little else afterwards. To complete
this test a small explosive charge is attached to the
root of one fan blade within the set. Then, once
the engine has been powered up to full speed, the
charge is detonated and the blade released. High
speed cameras film the event from a variety of

positions and help to demonstrate that, apart from a
large flame and some low energy material, nothing
is released from the engine that might compromise
an airframe’s integrity.

Turbine blades
A second key area of expertise for Rolls-Royce
is within its turbine blade manufacturing facility.
As stated earlier, there has been a clear trend in
improved engine performance with time. In an
effort to improve efficiencies, weight must be shed
from the construction and operating temperature
must be increased.

From the graph in figure 6 it can be seen
that within 60 years the temperature of the gas
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Titanium alloy 

Figure 7. Specific strength versus temperature for a
variety of common aero-engine materials.
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Recent advances have allowed major improvements in both thermodynamic 
and propulsive efficiency:

Through 
increases 
in T°

Through the development of high bypass engines
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Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems
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Exergy

Is this just a Carnot Cycle? 

Let’s start with the ground state: All energy has to be accounted for as we bring our system to 
the ground state. This includes:

1. 2.
3.

4.
TH=T

TC=T0

No! Ep, Ek and dWsh are included as well.

Exergy (Wex): the maximum amount of useful work obtainable for a given process.
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Calculating ground state Exergy
1st Law:

dE = dQ0 − dW
Includes 
dU, dEp
and dEk

Is the heat 
released to 
ground state

Includes all 
dW=dWsh + 
dWpV + dW0

dQ0 = T0dS

We know that the heat released by a 
Carnot engine is reversible and is at T0:

dE = T0dS − dWsh − dWpV − dW0 = T0dS − dWsh − p0dV − dW0

dWEx = dWsh + dW0 = −dE +T0dS − p0dV
We integrate (with E0= U0) :

WEx,1→0 = −(U0 −E1)+T0 (S0 − S1)− p0 (V0 −V1)
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Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems
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Exergy
Exergy (Wex): the maximum amount of useful work obtainable for a given process (= 
a system going from state 1 to state 2).

For the calculation, we need: State 1, State 2 and the environment (State 0)

Wex,1→2 =Wex,2→0 −Wex,1→0

The exergy of this change is 
equal to the difference of the 
exergies of each state:
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Calculating ground state Exergy

Is this just a Carnot Cycle? 

All energy has to be accounted for as we bring our system to the ground state. This includes:

1. 2.
3.

4.
TH=T

TC=T0

No! Ep, Ek and dWsh are included as well.
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Calculating ground state Exergy
1st Law:

dE = dQ0 − dW
Includes 
dU, dEp
and dEk

Is the heat 
released to 
ground state

Includes all 
dW=dWsh + 
dWpV + dW0

dQ0 = T0dS

We know that the heat released by a 
Carnot engine is reversible and is at T0:

dE = T0dS − dWsh − dWpV − dW0 = T0dS − dWsh − p0dV − dW0

dWEx = dWsh + dW0 = −dE +T0dS − p0dV

139

dWEx = −dE +T0dS − p0dV

We integrate (with E0= U0) :

WEx,1→0 = −(U0 −E1)+T0 (S0 − S1)− p0 (V0 −V1)

Assuming no changes in potential or kinetic energy:

WEx,1→0 = −(U0 −U1)+T0 (S0 − S1)− p0 (V0 −V1)

For a fuel that starts out at T0 and P0 (and G=U-TS+PV):

WEx,1→0 = −ΔG0

For a change from State 1 to State 2:

WEx,1→2 =WEx,1→0 −WEx,2→0 = −(E2 −E1)+T0 (S2 − S1)− p0 (V2 −V1)

Calculating ground state Exergy
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Exergy in steady-state/flow systems

Starting with:

By using enthalpy:

WEx,1→0 = −(H0 − H1 +Ep +Ek
#$ %&)+T0 (S0 − S1)

Assuming that there is no change in kinetic and potential energy:

WEx,1→2 = −(H2 −H1)+T0 (S2 − S1) = −ΔG0

𝑊01,"→4 = − 𝑈4 − 𝑈" + 𝑇4 𝑆4 − 𝑆" − 𝑝4𝑉4 − 𝑝"𝑉"
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Work lost in a real process

ΔE1→2,ideal = T0ΔS −Wsh,ideal − p0 (V2 −V1) = T0ΔS −WEx,1→2 − p0 (V2 −V1)

ΔE1→2,ideal = ΔE1→2,actual = T0ΔSsurr. −Wsh,actual − p0 (V2 −V1)

1st law for a change from State 1 to State 2:

E is a state function! à the path does not matter.

Wsh,lost =WEx,1→2 −Wsh,actual = T0 (S2 − S1)+T0ΔSsurr. = T0 (ΔSsys. +ΔSsurr. )
Setting these two equations equal, we have:

= T0ΔStot.

ΔSsys.

Important points:

is independent of whether or not the change is ideal (S is a state function).
ΔStot. = 0 for an ideal change (no lost work).

The ideality of the transformation only affects the total entropy and the entropy of the surroundings!
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Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems
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Electric motors
DC motors
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Electric motors
DC motors
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Electric motors
AC induction motors
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Electric motors
AC induction motors
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Electric motors
AC induction motors
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Electric motors
AC motors

A classic induction motor. Tesla’s model 3 rotor 
with permanent magnets.

Source: Wikimedia
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Electric motors

Due to the lack of friction or significant waste heat generated, 
electric motors are very efficient….

Typical efficiencies are usually above 90%.

• Best AC induction motors have reached 94% 
efficiencies

• Tesla’s AC permanent magnet Model 3 motor has 
reportedly reached 96% efficiencies

Why are we even considering other types of motors? 
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Electric motors: limitations

Wood
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Electric motors: limitations

Wood
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Outline of Part 1: Thermo

• 1st Law of Thermodynamics
– Internal energy
– Work
– Enthalpy

• 2nd Law of Thermodynamics
– Entropy
– Reversible and irreversible processes
– State functions

• Heat to work conversion
– T-S diagrams
– Idealized systems (Carnot cycle)

• Real heat to work and work to heat conversion systems
– Rankine cycles
– Refrigeration cycles and heat pumps
– Engines

• Exergy: calculating the maximum work that can be produced/recovered

• Electrical systems
– Electrical machines
– Fuel cells

Objective: Derive and understand the physical laws that characterize and limit 
energy conversion systems
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Basics of fuel cells
The idea of fuel cells is to combine the energy density of fuels with 
electricity generation.

Fuel oxidation involves the exchange of electrons:

𝐻! +
1
2𝑂! ⇌𝐻!𝑂

This reaction can be separated into two half reactions:

𝐻! ⇌ 2𝐻5 +2𝑒#

1
2𝑂! +2𝐻

5 +2𝑒# ⇌𝐻!𝑂

A fuel cells is made by spatially separating these two reactions and forcing 
the flux of electrons through a conductor to generate a current.
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Basics of fuel cells
A simple fuel cell:

𝐻" ⇌ 2𝐻2 +2𝑒#
1
2𝑂" +2𝐻

2 +2𝑒# ⇌𝐻"𝑂
A 

6 INTRODUCTION

1.2 A SIMPLE FUEL CELL

In a fuel cell, the hydrogen combustion reaction is split into two electrochemical half reac-
tions:

H2 ⇌ 2H+ + 2e− (1.2)
1
2
O2 + 2H+ + 2e− ⇌ H2O (1.3)

By spatially separating these reactions, the electrons transferred from the fuel are forced
to flow through an external circuit (thus constituting an electric current) and do useful work
before they can complete the reaction.

Spatial separation is accomplished by employing an electrolyte. An electrolyte is a mate-
rial that allows ions (charged atoms) to flow but not electrons. At a minimum, a fuel cell
must possess two electrodes, where the two electrochemical half reactions occur, separated
by an electrolyte.

Figure 1.4 shows an example of an extremely simple H2–O2 fuel cell. This fuel cell
consists of two platinum electrodes dipped into sulfuric acid (an aqueous acid electrolyte).
Hydrogen gas, bubbled across the left electrode, is split into protons (H+) and electrons
following Equation 1.2. The protons can flow through the electrolyte (the sulfuric acid is like
a “sea” of H+), but the electrons cannot. Instead, the electrons flow from left to right through
a piece of wire that connects the two platinum electrodes. Note that the resulting current,
as it is traditionally defined, is in the opposite direction. When the electrons reach the right
electrode, they recombinewith protons and bubbling oxygen gas to producewater following
Equation 1.3. If a load (e.g., a light bulb) is introduced along the path of the electrons, the
flowing electrons will provide power to the load, causing the light bulb to glow. Our fuel cell

H2 O2

e–

H+

Figure 1.4. A simple fuel cell.

Platinum 
electrodes

Electrical conductor: lets e- through 
but not ions.

H2SO4 solution: lets ions through but 
not e-.
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Fuel cells
A real fuel cell:

16 INTRODUCTION

For a hydrogen–oxygen fuel cell:

• The anode is the electrode where the HOR takes place.
• The cathode is the electrode where the ORR takes place.

Note that the above definitions have nothing to do with which electrode is the positive
electrode or which electrode is the negative electrode. Be careful! Anodes and cathodes
can be either positive or negative. For a galvanic cell (a cell that produces electricity,
like a fuel cell), the anode is the negative electrode and the cathode is the positive elec-
trode. For an electrolytic cell (a cell that consumes electricity), the anode is the positive
electrode and the cathode is the negative electrode.

Just remember anode= oxidation, cathode = reduction, and you will always be right!

Figure 1.10 shows a detailed, cross-sectional view of a planar fuel cell. Using this figure
as a map, we will now embark on a brief journey through the major steps involved in pro-
ducing electricity in a fuel cell. Sequentially, as numbered on the drawing, these steps are
as follows:

1. Reactant delivery (transport) into the fuel cell
2. Electrochemical reaction
3. Ionic conduction through the electrolyte and electronic conduction through the exter-

nal circuit
4. Product removal from the fuel cell

2 23

3

4

1

4

Figure 1.10. Cross section of fuel cell illustrating major steps in electrochemical generation of
electricity: (1) reactant transport, (2) electrochemical reaction, (3) ionic and electronic conduction,
(4) product removal.

1. Fuel transport
2. Electrochemical reaction

3. Ionic/electronic conduction

4. Product removal
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Fuel cells

© Ballard fuel cells

A commercial H2 fuel cell:

Schematic:

Actual appearance:
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Thermodynamic potentials

𝑑𝑈 𝑆, 𝑉,𝑁 =
𝜕𝑈
𝜕𝑆 ;,=

𝑑𝑆 +
𝜕𝑈
𝜕𝑉 >,=

𝑑𝑉 +
𝜕𝑈
𝜕𝑁 >,;

𝑑𝑁

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉

Previously, we had explored the first law in an isolated system and expressed it as:

𝑈(𝑆, 𝑉)

Mathematically, we can understand this as describing U as a function of S and V:

which, in a non isolated system would also 
depend on N (the total number of moles):

𝑈(𝑆, 𝑉,𝑁)

Thinking of U purely as a mathematical function depending on these variables, we can write:

Comparing both definitions of U, we can write:

𝜕𝑈
𝜕𝑆 ;,=

= 𝑇
𝜕𝑈
𝜕𝑉 >,=

= −𝑃and

Finally, the partial derivative of U by N
is often defined as the chemical 
potential μ:

𝜕𝑈
𝜕𝑁 >,;

= 𝜇
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Thermodynamic potentials

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉

Measuring or describing U as a function of of entropy and volume is 
difficult in the lab: 

This:

Entropy 
controller

J/

Does not 
exist…
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Thermodynamic potentials

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉

Measuring or describing U as a function of of entropy and volume is 
difficult in the lab: 

This:

In general extensive properties (which depend on the size of the system) 
are more difficult to change than intensive properties (that are 
independent of the size of the system)…

Temperature 
controller

Does exist!

161

Thermodynamic potentials

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑃𝑑𝑉

Can we describe another thermodynamic potential (a state function that 
contains the same amount of mathematical information as U) that depends 
on simpler variables to modify?

Starting with:

A mathematical transformation exists that allows us to do this: Legendre 
transformations.

𝑑 𝑃𝑉 = 𝑃𝑑𝑉 +𝑉𝑑𝑃
We use the differential of the variables we want to change and apply the 
chain rule:

−𝑃𝑑𝑉 = −𝑑 𝑃𝑉 +𝑉𝑑𝑃Rearranging:

Which we can substitute into the definition of dU:

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑑 𝑃𝑉 +𝑉𝑑𝑃

Considering the variation of U with N: 𝑑𝑈 = 𝑇𝑑𝑆 − 𝑑 𝑃𝑉 +𝑉𝑑𝑃 + 𝜇𝑑𝑁
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Thermodynamic potentials

Rearranging, we can make the definition of enthalpy appear:

𝑑𝑈 = 𝑇𝑑𝑆 −𝑑 𝑃𝑉 +𝑉𝑑𝑃 +𝜇𝑑𝑁

𝑑 𝑈+𝑃𝑉 = 𝑑𝐻 = 𝑇𝑑𝑆 +𝑉𝑑𝑃 +𝜇𝑑𝑁

Enthalpy emerges from a mathematical transformation…

𝑑 𝑇𝑆 = 𝑇𝑑𝑆 +𝑆𝑑𝑇
We can do a further transformation using de differential of TS: 

𝑇𝑑𝑆 = 𝑑 𝑇𝑆 −𝑆𝑑𝑇

Which rearranges to:

Applied to dH, we can get the definition of Gibbs free energy (G):

𝑑 𝑈+𝑃𝑉 −𝑇𝑆 = 𝑑𝐺 = −𝑆𝑑𝑇 +𝑉𝑑𝑃 +𝜇𝑑𝑁
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Starting with the original definition of dU:

We can directly apply the transformation using TS:

𝑑 𝑇𝑆 = 𝑇𝑑𝑆 + 𝑆𝑑𝑇 𝑇𝑑𝑆 = 𝑑 𝑇𝑆 − 𝑆𝑑𝑇

Which leads to the definition of Hemholtz energy (F):

PV can be interpreted physically as the work needed to create volume for 
the system to exist.

𝑑𝑈 = 𝑇𝑑𝑆 −𝑃𝑑𝑉

or

𝑑 𝑈−𝑇𝑆 = 𝑑𝐹 = −𝑆𝑑𝑇 −𝑃𝑑𝑉 +𝜇𝑑𝑁

Similarly, TS can be interpreted as the energy required to be exchanged 
with the environment by the system.
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Thermodynamic potentials32 FUEL CELL THERMODYNAMICS

U Internal
energy

H Enthalpy

F Helmholtz
free energy

G Gibbs 
free energy

U = energy needed to 
create a system

H = energy needed to create 
a system plus the work 
needed to make room for it

H = U + pV G = U + pV –TS

F = U –TS

G = total energy to create a 
system and  make room for 
it minus the energy provided 
by the environment

F = energy needed to create 
a system minus the energy 
provided by the environment

–TS

+pV

Figure 2.3. Pictorial summary of the four thermodynamic potentials. They relate to one another by
offsets of the “energy from the environment” term TS and the “expansion work” term pV. Use this dia-
gram to help remember the relationships. Copyright © 2000 by AddisonWesley Longman. Reprinted
by permission of Pearson Education, Inc. (Figure 5.2, p. 151, fromAn Introduction to Thermal Physics
by Daniele V. Schroeder [2]).

2.1.6 Molar Quantities

Typical notation distinguishes between intrinsic and extrinsic variables. Intrinsic quantities
such as temperature and pressure do not scale with the system size; extrinsic quantities
such as internal energy and entropy do scale with system size. For example, if the size of a
box of gas molecules is doubled and the number of molecules in the box doubles, then the
internal energy and entropy double, while the temperature and pressure remain constant.
It is conventional to denote intrinsic quantities with a lowercase letter (p) and extrinsic
quantities with an uppercase letter (U).

Molar quantities such as û, the internal energy per mole of gas (units of kilojoules per
mole), are intrinsic. It is often useful to calculate energy changes due to a reaction on a
per-mole basis:

Δĝrxn,Δŝrxn,Δ𝑣̂rxn

The Δ symbol denotes a change during a thermodynamic process (such as a reaction),
calculated as final state–initial state. Therefore, a negative energy change means energy is
released during a process: A negative volume change means the volume decreases during
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Fuel cell efficiency

𝑑𝑈 = 𝑑𝑄 + 𝑑𝑊+6+%789% −𝑑𝑊)*

Let’s rewrite the first law for fuel cells. In the case of the fuel cell, all non-PV 
work will end up as electrical work:

In the best case, we will have:

𝑑𝑄 = 𝑑𝑄8+: = 𝑇𝑑𝑆

Which would lead to:

𝑑𝑈 = 𝑇𝑑𝑆 − 𝑑𝑊+6+%789% −𝑃𝑑𝑉

Using the definition of free energy (𝐺 = 𝑈 + 𝑃𝑉 − 𝑇𝑆 ):

𝑑𝐺 = 𝑑𝑈− 𝑆𝑑𝑇 − 𝑇𝑑𝑆 + 𝑃𝑑𝑉 +𝑉𝑑𝑃 = −𝑆𝑑𝑇 +𝑉𝑑𝑃 − 𝑑𝑊+6+%789%
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Fuel cell efficiency

At constant T and P:

Therefore, in an ideal transformation for a given oxidation, we have:

With this result, we can now think of calculating an efficiency:

𝑑𝐺 = −𝑆𝑑𝑇 + 𝑉𝑑𝑃 − 𝑑𝑊!"!#$%&#

𝑑𝐺 = −𝑑𝑊!"!#$%&#

𝑊!"!#$%&# = −∆𝐺'()

𝜂 =
𝑊!"!#$%&#

𝑇𝑜𝑡𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦

Assuming the input is the full calorific value of the fuel, the efficiency becomes:

𝜂 =
−∆𝐺'()
−∆𝐻'()
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Fuel cell efficiency

𝜂 =
−∆𝐺;<=
−∆𝐻;<=

𝐻! +
1
2𝑂! ⇌𝐻!𝑂

For example, if we take hydrogen oxidation: 

∆𝐺;<= = −237 k ⁄J mol

∆𝐻;<= = −286 k ⁄J mol
83%
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Fuel cell efficiency
𝜂 =

−∆𝐺>?@
−∆𝐻>?@

This efficiency is not always appropriate to use. To understand why, let’s 
introduce enthalpy in the definition of free energy:

𝐺 = 𝑈 + 𝑃𝑉 − 𝑇𝑆 = 𝐻 − 𝑇𝑆 ∆𝐺 = ∆𝐻 − 𝑇∆𝑆

𝜂 =
−∆𝐺>?@
−∆𝐻>?@

=
∆𝐻>?@ − 𝑇∆𝑆>?@

∆𝐻>?@
= 1−

𝑇∆𝑆>?@
∆𝐻>?@

For the rare cases where entropy is positive, we will have an efficiency over 
100%!*

*A fuel oxidation’s enthalpy will always be negative, otherwise it will not be a fuel… 

𝜂 =
𝑊(3(#614#

𝑇𝑜𝑡𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦 =
𝑊(3(#614#

𝐸𝑛𝑒𝑟𝑔𝑦 𝑓𝑟𝑜𝑚 𝑅𝑋 + ℎ𝑒𝑎𝑡 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑

−∆𝐺>?@
−∆𝐻>?@ + 𝑇∆𝑆>?@

=
∆𝐻>?@ − 𝑇∆𝑆>?@
∆𝐻>?@ − 𝑇∆𝑆>?@

= 1

In cases where heat is being received from the surroundings, this should be 
included in the efficiency and, by definition, the maximum efficiency will be 100%.

à There must be something else!
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Fuel cells: reversible voltage
The electric work of moving a charge q is proposrtional to the voltage or 
electrical potential (E):

When such a charge is carried by electrons, we have:

𝑊(4(+52!+ = 𝑞𝐸

𝑞 = 𝑛𝐹

Number of moles of 
electrons

Faraday’s constant

Since we have: 𝑊(4(+52!+ = −∆𝐺?@=

𝐸A = −
∆𝐺?@=A

𝑛𝐹

We can calculate the maximum reversible voltage for a single fuel cell:
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Fuel cells

Ballard fuel cell

Toyota Mirai
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